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1. INTRODUCTION 
In the recent paper of Li [l], the author considered the difference equation 
for n = 0, 1,. (li 
with positive initial condition, where the functions f and g satisfy the following hypotheses: 
(HI) f,g E CW4 m), K4 ml; 
(H2) f is increasing and g is decreasing; 
(Hs) the equation z = f(x)g(z) h as a unique positive solution %. 
The authors’ two main results are as follows. 
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THEOREM 2.1. (See [I].) A ssume that Hypotheses (H&(Hs) hold and there exist numbers 
L,p, q E [0, oo) and A, B E (0, co) such that 
f (5) I Ax*, for x 2 L, (2) 
and 
9(2)<$, for x 2 L. 
Also assume that either p = 0 or 
0 < kkpk+’ < (k + l)k+lq. (4 
Then every solution of equation (1) is bounded from above by a positive constant. 
THEOREM 3.1. (See 111.) A ssume that Hypotheses (HI)-(Hs) hold and suppose that there exist 
numbers L,p, q E [0, co) and A, B, a E (0,~) and an increasing function w E C[(O, co), (0, co)] 
such that (2),(3) hold and f(x) = a + xw(x). Also assume that w(x)g(x) < 1 for x E (0, co) 
and (4) holds. Then the unique positive equilibrium point Z of equation (1) is a global attractor 
of all positive solutions. 
First, we sketch the proof of Theorem 3.1 which is given in [l]. 
PROOF. Let {x,} be a positive solution of equation (1) with initial conditions X-k,. . . ,x0 E 
(0,oo). By using successive iteration, we see that, for n 2 0, 
%+l = f h) 9 h-k) 
= (a + %w h)) 9 h-k) 
= a9 @n-k) + (a + zn-lw (&a-l)>9 (%-k-l) w (%) 9 (h-k) 
= a9 (%x-k) (1 + w (En) !? (%-k-l>) + a9 (%-k-2) w (zn> w @n-l) 9 (%-k-l) 9 h-k) 
+. . . + uw (x,) w (X,-l). . ‘w (xl) L’ (x-k) 9 (x-k+l) ' ' '9 (%-k-l) 9 @n-k) 
+ xow (xn) w (G-1). . ‘20 (Xl) ‘W (x0) 9 (x-k) 9 (x-k+l) ’ ’ ‘9 (%-k-l) 9 (%-k) . 
When n -+ 00, the right side of the above equality is a positive term series. According to 
Theorem 2.1 in [l], all solutions of equation (1) are bounded. By using the condition w(x)g(x) < 1 
and comparison criterion of series, the right side of the above equality is a convergent series. 
Hence, {x,} converges and there exists an f? such that lim,,,x, = e. By taking the limit of. 
both sides of equation (l), we obtain 1 = f(e)g(e). Fr om the uniqueness of the equilibrium point 
of equation (l), we have lim,,, xn = Z. The proof is complete. 
In Section 2, we shall give some counterexamples to show that Theorem 3.1 is not true. Con- 
sequently, the above proof is invalid. 
2. COUNTEREXAMPLES 
Consider the following recurrence sequence: 
8+x, 
x,+l = 1+ x;-2’ for n = O,l,. . . , 
where x-2,x-1,20 E (0,oo). Then equation (5) is an example of equation (l), where f(x) = 8+x 
and g(x) = l/(1 +x2). 
It is easy for one to see that f and g satisfy Hypotheses (HI)-(Hs) and (2) and (3). Also, (4) 
holds. Hence, by Theorem 2.1 of [l], we have that every solution of equation (5) is bounded from 
above by a positive constant. 
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From equation (5), one can easily show that equation (5) has a unique positive equilibrium 
Z = 2. Given that f(x) = 8 +x = 8 + xw(x), we have that w(x) 3 1 and w(x)g(x) < 1 for 
x E (0, oo). Therefore, by Theorem 3.1 in [l], we should have that the unique positive equilibrium 
z = 2 is a global attractor of all positive solutions of equation (5). 
On the other hand, we can show that there exists a period-two solution of equation (5). 
In fact, let p = 4 + fi and q = 4 - 6. Then p and q satisfy the following equations: 
fJ+q 
p= 1+q2’ 
8+P 
q= l+p2’ 
Thus, p, q, p, q, . is a period-two solution of equation (5). 
Now, we give an another counterexample to Theorem 3.1, where w(x) is strictly increasing. 
Consider the following recurrence sequence: 
8 + xi 
x,+1 = 1+ x;-2’ for n = O,l,. 
Thus, with equation (l), we have 
f(x) = 8 + x2, and k = 2. 
The functions f and g satisfy Hypothesis (HI) as follows. 
1. f E CW, m), 18, m)l c CW, m),[O, m)l; 
2. 9 E cm CQ), [L ml1 c C[[O, m), 10, m)l. 
It is easy for one to see that f is [strictly] increasing and g is [strictly] decreasing on [0, co) 
Therefore, the functions f and g satisfy Hypothesis (Hz). 
The equation 
has a unique positive solution 3. Therefore, the functions f and g satisfy Hypothesis (Hs). In 
fact, we can show it simply. From 
8 + x2 
we have 
4 8 x -x+1=-. 
2 
Let 
Pl (x) = x4 -x+1 and Ps(x)=i, for x > 0. 
Then we have the following. 
1. P~(x)<1forx>O;ifandonlyifx4-x+l<lforx>O;ifandonlyifO<x<1; 
2. F’s(x) > 1 for x > 0; if and only if 8/x > 1 for x > 0; if 0 < x < 1; 
3. P{(x) > 0 on ($@, co) and lim,,, PI(X) = co; 
4. Pi(x) < 0 on (0,oo) and lim,,, F’s(x) = 0. 
It follows from Statements 1 and 2 that 
Pl (x) < p2 (x) 3 on (0,l). 
Then Statements 3 and 4 imply that the graphs of PI and P2 intersect at exactly one point in 
the positive quadrant. 
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Equation (6) satisfies the boundedness conditions of Theorem 2.1 as follows. 
1. For L 2 1, p = 2, q = 4, A = 9, and B = 1, we have 
1 
~,(z)=~+x~<Az~ and s(x)=~S~, for T 2 L. 
2. The pair of numbers p = 2 and q = 4 satisfies (4). 
Equation (6) satisfies the convergence conditions of Theorem 3.1 as follows. 
For a = 8 and W(X) = z, we have 
1. w E w4 001, (0, m)l; 
2. f(x) = a + xw(x) for 2 E (0,oo); 
3. w(x)g(x) = z/(1 +x4) < 1 for z E (0, oo) since 2 2 max{l,z4} < 1 + X4 for 2 E (0, co). 
Now, let 
8+1/i% 
P= 
8+cr2 
cl=-, and 
8 + P2 
2 &i&iFi~ - 7’ 1+a4’ 
*= 1+p4. 
Then there exists a period-two solution, {p, q, p, q, . . . }, of equation (6) such that 
6) P E (Y, 6) and q E (8, a); 
(ii) p and q satisfy the system of equations 
1++4p(P-8) 
2P . 
In fact, we can give a simple proof. Define the following functions. 
1. hi : [8,o] H [O,p], with 
hl (x> = 
- ,/l - 4z(s - 8) 
2x . 
Note that 
hl (8) = 0 and h(a) = P. 
2. h2 : [y, 61 H [8, CY], with 
h2 (x) = 
1 + ,/l - 4x(x - 8) 
2x . 
Note that 
b (7) = Q 
3. H1 = hl o h2 : [y,b] H [O,p]. 
4. Hz : [7, ~51 H [-6, ,0 - 71, with 
and hz (6) = 8. 
Hz(x) = HI(X) - x. 
Note that 
Hz(Y) =P-r>o and I&(6) = -6 < 0. 
Given Statement 3 and the fact that Hz(x) is continuous on [7, b], we have that there exists, 
say, p E (7,6) such that Hz(p) = p. Set q = hz(p). Then (p, q) satisfies equation (7) and 
q E @,a). 
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Finally, from simple computation we have 
and 
8+p2 8+ (J2 
-=l+(JD)4=y’ 
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